This paper presents a simple analytical framework for the dynamic response of cirrus to a 5 local radiative flux convergence, expressible in terms of three independent modes of cloud 6 evolution. Horizontally narrow and tenuous clouds within a stable environment adjust to 7 radiative heating by ascending gradually across isentropes while spreading sufficiently fast 8 so as to keep isentropic surfaces nearly flat. More optically dense clouds experience very 9 concentrated heating, and if they are also very broad, they develop a convecting mixed layer.
attenuation such that τ abs /μ = 1:
Assuming an effective radius of 20 µm, the value for k(r e ) in cirrus is approximately 0.045 
where c p is the specific heat of the air. To first order, heating rates are proportional to the 87 radiative temperature contrast and the cloud ice mixing ratio. 
100
The increase in the potential energy density within the volume hL 2 allows work to be 101 done against the overlying gravitational static stability to create a mixed-layer with, on 102 average, near constant θ v . Thus any newly absorbed thermal energy becomes redistributed 103 through a mixed layer depth δz that is larger than the radiatively absorbing layer of depth 104 h ( Figure 1 ). This is important, because it has the effect of diluting the density of newly 105 added radiative energy through a factor of δz/h such that:
As required by the second law of thermodynamics, equilibrium is restored through relaxation 
Here, N is the buoyancy frequency, which is related to the local stratification through
It follows that
Dynamic relaxation of the radiatively induced perturbation ∆ can proceed in either of 116 two ways. At constant density, the heated volume L 2 δz can be raised to higher gravitational 117 potential. Alternatively, the air expands outwards along a constant potential surface.
Given Eq. 6 and that
where m/δz is fixed (i.e., no entrainment of mass across the mixed-layer boundary), Eq. 9
can be rewritten as
where α δz and α L represent instantaneous rates of adjustment.
120
Eq. 11 has several implications. The buoyant potential energy density ∆ within the 121 mixed-layer volume L 2 δz can grow due to the continuing radiative flux deposition within the 122 volume (the positive first term in Eq. 11). Or, it can decay through horizontal expansion
123
(the negative second term in Eq. 11). In the first case, if the width of the cloud L is held 124 constant, the mixed-layer deepens into stratified cloudy air above it at rate
where the factor of h/δz arises from the dilution of potential energy through a depth larger 126 than the absorptive layer where initially, δz = h. Mixed-layer growth rates slow with time.
127
The solution to Eq. 13 as a function of time ∆t is
Alternatively, if the depth of the mixed-layer δz is fixed, then the potential energy density environment that surrounds the cloud. This density current outflow occurs at speed
which results from the conversion of the gravitational potential energy of order N 2 δz 2 into 134 kinetic energy of order u 2 mix .
135
To assess the relative importance of cross-isentropic adjustment to along-isentropic spread-
136
ing, a dimensionless number S can be defined as the ratio of the two rates α δz and α L in Eq.
137
11. From Eq. 13, radiative heating increases the mixed-layer gravitational potential energy 138 density at rate
From Eq. 15, the rate of loss of potential energy density due to expansion of the mixed-layer laterally into the clear-sky surroundings is
For a cloud that is initially at rest, in which case a mixed layer has not yet developed,
142
then radiation deposition remains concentrated within the layer δz ∼ h and from Eqs. 16
143
and 17, the ratio of these two rates can be defined by a dimensionless "Spreading Number" 
158
Rather the cloud simply lofts across isentropic surfaces at speed
Dimensional continuity arguments require that the cloud spreads laterally along isentropes 
166
Assuming that all absorbed radiative energy goes towards evaporation at cloud base,
167
and that there is no lag associated with the diffusion of vapor away from ice crystals, then
Note that if there were net radiative flux divergence, as might be expected at the top of a 171 thermally opaque cloud, then net cooling would lead to condensation.
172
The ratio of α evap (Eq. 21) to α δz (Eq. 16) implies a dimensionless "Evaporation Number"
173 comparing the evaporation rate to the rate of laminar adjustment through cross isentropic 174 ascent. In the initial stages of development, where δz = h,
or, substituting Eq. 7 and Eq. 4 for the heating rate
The susceptibility to evaporation depends only on the cloud microphysics and the local 177 static stability, and not, in fact, on the magnitude of the heating. The UU LESM is based on a set of fully prognostic 3D non-hydrostatic primitive equa- and surrounding atmosphere were initialized to be at rest. No precipitation was allowed in 234 any of the model simulations. Cloud particle fall speed was also neglected. All cases were 235 run for one hour of model simulation time.
236
Two cloud parameters were varied through several orders of magnitude in order to explore 237 a wide parameter space of possible evolutionary behaviors. Cloud radius L was chosen to be 238 100 m, 1 km, or 10 km. The ice-water mixing ratio q i was set to 0.01, 0.1, or 1 g kg −1 . This 239 provided 9 unique combinations of cloud size and density, as described in Tables 1 and 2,   240 that spanned a range of values of S and E, and included combinations that are sufficiently 241 unstable that they are not observed naturally.
242 Figure 4 shows the initial heating rate profiles for each value of q i used in this study 243 calculated using the Fu and Liou (1992) 
Results

256
In the parameter space of S and E described by Tables 1 and 2 Clouds with values of S > 1 are not expected to be associated with laminar motions.
286
Instead, radiative heating bends down isentropic surfaces so rapidly as to create a local 287 instability that cannot be restored sufficiently rapidly by laminar cloud outflows (Eq. 16).
288
growing mixed-layer. Unlike the S < 1 case, isentropes do not stay flat.
290
An example, shown in Figure 7 , is for a simulated cloud that has initial condition values 291 of cloud radius L = 10 km and ice water mixing ratio q i = 1 g kg −1 . Since S = 1300, it 292 is expected that the potential energy density at cloud base will increase at a rate that is 
298
The numerical simulations reproduce these features. A mixed-layer can be seen in the 299 θ v profile plotted in Figure 7 , showing the average cloud properties after 1 hour of model 300 simulation. This profile is a horizontally averaged profile taken within 9 km of cloud center.
301
On average, the mixed-layer exhibits a nearly adiabatic profile in θ v . At 1 h simulation time,
302
the mixed-layer at cloud base is nearly 800 m deep. The mixed layer expands horizontally 303 along isentropes, as seen in Figure 8 . The "bowl" shaped spreading of the cloud is because 304 intense radiative heating at cloud base bends isentropic surfaces downward.
305
This mixed-layer development and spreading can also be seen in cross sectional plots of 306 q i in Figure 9 . There is a mixed-layer at both cloud base and cloud top with darker shading 307 indicating where drier air has been entrained from below or above. Note that cloud base 308 and cloud top remain at roughly constant elevation. In Figure 5, Cloud bases with S < 1 and E > 1 are expected to evaporate more quickly than they loft 326 across isentropes (Table 2 ). For example, for a cloud with L = 1 km and q i = 0.01 g kg −1 , 327 the calculated value of the Spreading Number S is 0.0011, and the value of the Evaporation 328 number E is 150. Based on these values, the expected evolution of cloud base would be 329 gradual evaporative erosion of cloud base.
330
To quantify the importance of evaporation to cloud evolution, the rate of change in cloud offset by increasingly diluted heating rates within the mixed-layer (Eq. 18).
379
From Eq. 18, S can be rewritten as
where A = Hgh/θ v N 3 is assumed to be constant, assuming here that q i is fixed. Thus, the 381 rate of change in S is given by
From Eq. 13, and since dL/dt = u mix ∼ N δz (Eq. 15), Eq. 25 can be rewritten as
Finally, from Eq. 14, if the mixed layer depth evolves over time as δz = (N At) 1/2 , Eq. 26
Thus, the evolution of S is controlled by two terms, the first being a positive feedback the cirrus anvil to shift from turbulent mixing to isentropic adjustment is of order one hour.
395
Because this timescale is much less than t max , the anvil never manages to enter a regime of 396 runaway mixed-layer deepening where Eq. 27 is positive. What is interesting is that this 397 timescale for a convecting anvil to move into a laminar flow regime is comparable to the few 
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As a contrasting example, contrail formations are typically optically thin and horizontally 412 narrow. In some cases they can evolve into broad swaths of cirrus that persist for up to 17 413 hours after initial formation and radiatively warm the surface (Burkhardt and Krcher 2011).
414
While we did not specifically model contrails in this study, the theoretical principles that we 415 discussed can provide guidance for how they might be expected to evolve.
416
Immediately following ejection from a jet engine, the contrail air has water contents of values are identical to those of the idealized anvil that was explored. However, the initial 422 value of S does depend on L, and with an initial value of 13 it is one hundred times smaller 423 than for the anvil case. Since the initial value for S is still larger than unity, it should be 424 expected that the contrail cirrus will be able to sustain radiatively driven turbulent mixing 425 in its initial stages. However, from Eq. 30, S should be expected to decline to unity in about 426 20 minutes, at which point more laminar circulations take over that allow for the contrail 427 cloud to spread laterally while slowly lofting across isentropes. 
436
The mixed-layer deepened at a rate α δz (Eq. 16) that was much faster than the rate at which 437 the potential instability could be restored through along-isentropic outflow into surrounding Table 4 . Evaporation rate, in units of h −1 , defined here as the negative of the logarithmic rate of mass change in the lower depth h of the cloud nto the cloud within the initial 180 s of simulation in units of s for cases where E > 1 and S < 1 E = 150 E = 3.7 L = 100 m 5.8 0.79 1 km 4.0 0.72 10 km 1.5 0.68 Radiative energy is transferred from the lower troposphere to the base of a gravitationally stratified cloud with initial width L, due to a radiative temperature difference ∆ T and deposited into a layer of characteristic depth h at the base of the cloud. The layer is initially at equilibrium buoyant potential eq with respect surrounding clear air at the same level, and it is perturbed from equilibrium through the deposition of radiative energy into a well-mixed layer of depth δz. (S = 0.033) after 0 s (thin) and 3600 s (thick) of simulation. The initial cloud boundaries are indicated by the shaded region. Fig. 6 . as in Figure 5 , but a 3D surface plot of q i after 3600 s of simulation (top), and a plot of a q i cross section of the cloud (bottom). The initial position of the cloud is shown in black, while the state of the cloud after 3600 s is shown in color, with the value of q i denoted by the color scale. Note the rise of cloud base and the horizontal spreading. Figure 7 but a cross section of θ e contours through a cloud after 0 s (thin) and 3600 s (thick) of simulation. The initial cloud boundaries are indicated by the shaded region. Fig. 9 . As in Figure 7 , but a 3D surface plot of q i after 3600 s of simulation (top), and a plot of a q i cross section of the cloud (bottom). The initial position of the cloud is shown in black, while the state of the cloud after 3600 s is shown in color, with the value of q i denoted by the color scale. Note that cloud base remains at roughly the same level and that the cloud bends upward as it spreads outward. . The time evolution of the Spreading Number S and the mixed-layer depth δz of a cloud with ice water mixint ratio q i of 1 g kg −1 and width L of 10 km from 0 to 3600 s. The dashed lines indicates slopes of 1/2 and -3 on the log-log plot as indicated.
